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kinds. The kinds are the types of operations, i.e., constructions of propo-
sitions. Both, the level of propositions and the level of kinds, are closed
under general rules of quantification. A model construction involves giv-
ing meaning to the objects of each of the three levels in such a way that
the quantification rules are satisfied. The aim is to give a construction that
uses ordered structures, known as domains. In the present work domain

sistant, logic, effectively given struc- constructions used for the interpretation of the quantification constructs

tures, computability

are presented in a general way and computability issues are discussed.

1- Introduction

Software is produced by humans and thus error-
prone. To guarantee that a software product
works correctly, that is, according to the given
specification, it is normally tested against a va-
riety of possible scenarios. As follows from
daily experience not all errors will be found this
way, leading to back-up cycles. For applications
in safety-critical situations such as autonomous
mobile robots or car driving systems this ap-
proach is thus inefficient: the correctness has to
be mathematically proven. Given the size of
such software packages, proving its correctness
by hand is a tedious task. To this end interactive
proof assistants have been developed that auto-
matically generate large parts of the proof. A
popular such assistant is the Coq package. It is
based on the Calculus of Constructions (CC) in-
troduced by T. Coquand and G. Huet (1988),
still one of the most powerful systems of con-
structive logic.

Constructive logics have been developed as a
way out of the foundational crisis after the dis-
covery of Russel’s paradox. The central notion
of the new approach is that of a construction or

proof. In the Brouwer-Heyting-Kolmogoroff in-
terpretation the meaning [4] of a logical for-
mula 4 is suggested to be the collection of all its
proofs. In particular, an implication 4 — B is
interpreted by the set of all maps ¢ that transform
proofs p of A (formally written p : 4) into proofs
t(p) of B. Various systems of higher-type con-
structive logic have been introduced in the liter-
ature. At least in rudimentary form they all in-
clude the rule

A:Prop  B(x):Prop (x:A4)
(I]x:A.B(x)): Prop

(Read: If 4 is a proposition and for every x : A4,
B(x) is a proposition, then also [[ x : 4. B(x) is a
proposition.) In the spirit of the Brouwer-
Heyting-Kolmogoroff interpretation [] x : A4.
B(x) will be interpreted as a set of functions ¢
that map every x in [4] onto some element in
[B(x)], that is, a proof that B(x).

2- The calculus of constructions

Well-formed expressions of CC are divided into
three levels: proofs, propositions, kinds. Propo-
sitions and kinds are closed under the formation
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of expressions of the form [] x : 4. B(x), where
A is either a proposition or a kind, and similarly,
B(x) is either a family of propositions or kinds.
If 4 is a proposition, then the family is indexed
by the proofs of 4; in the other case it is indexed
by the operations of kind 4. Operations can, e.g.,
be thought of as being constructions of proposi-
tions. There is a kind constant Prop. An expres-
sion of the form 4 : Prop then means that A is
a proposition.

The rules of the calculus allow the derivation of
statements of the form

't s: AandT Fs=t:A,

where I is a context declaring the range of the
variables appearing in s, ¢, and 4.

The model we are constructing will give mean-
ing to the expressions of an extension of CC al-
lowing the expressions of all three levels to be
defined recursively, and in addition to being
closed under the formation of expressions [] x :
A. B(x), both propositions and kinds are closed
under the formation of expressions Y x : 4. B(x).
Such expressions will be interpreted as sets of
pairs (a, b) where a is an object with property 4
and b a proof that B(a), which is a constructive
reading of the statement “There exists some a in
A so that B(a).”

3- The model construction

As follows from results of Reynolds (1984),
there is no set-theoretic model of Girard’s sys-
tem F, which is a subsystem of CC containing
the constant Prop but no other kinds. For sys-
tem F domain models have been constructed.
However, the constructions quickly went into
foundational mathematical problems and had to
use tricks to avoid them.

Domains have been introduced by Dana Scott
(1970) in order to provide a mathematical basis
for a denotational semantics of programming
languages. Berry (1978) refined the theory by
introducing stable domains which are better
suited for giving semantics to functional pro-
grams.

Domains are ordered structures that satisfy re-
quirements on the existence of least upper

bounds of certain subsets. In the model con-
struction we will follow the approach by
Coquant, Gunter and Winskel (1988) and use
Berry’s dl-domains for the interpretation of
propositions and proofs. However, in order to
avoid the foundational difficulties of previous
model constructions for system F a suitable sub-
class of dI-domains will be used. Moreover, for
the interpretation of propositions we will not
use the domains but their canonical representa-
tion: event structures, which were introduced by
Winskel (1980). They can be ordered by a nat-
ural substructure relation leading to a stable bi-
finite domain. Such domains, or better, their
representations, will be used to interpret kinds.

As is well-known from the proof of a statement
“For all x in 4 there is some y in B” in a con-
structive logic an algorithm can be extracted for
the computation of y from x such that the result
v has property B.

Therefore, the domains we are using for the
construction should be effectively given and all
constructions should be computable.

4- Results

The present research concentrated on two as-
pects of the research plan: the development of a
suitable computability theory and the search for
a class of domains general enough to include the
above-mentioned two types of domains and
special enough to allow for the derivation of the
results needed in the further development of the
construction. The class we found are the count-
ably algebraic distributive L-domains with
Berry’s Property 1. Locally it has all the good
properties that the special domain classes we are
using later have globally. Moreover, the cate-
gory dLI of these domains with rigid embed-
ding-projection pairs as morphisms has the cen-
tral properties we need: existence of co-limits of
directed diagrams and of pullbacks. As a conse-
quence, we can define what is to be understood
by a continuous and in particular, by a stable
functor. The two main results are:

Theorem 1. Let D be a domain in dLI and F: D
— dLI be a stable functor. Then also

YD, F)={(x,x’)|xinDandyin F(x) },
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ordered by (x, y) < (x°, y’) if x <p x” and F/x
x '] () <k Y

is a domain in dLI.

Call a function f:D — Uxep F(x) F-function if for
all x in D, f{x) in F(x) and let [[(D, F) be the set
of all stable F-functions, ordered by the stable
ordering.

Theorem 2. Let D be a domain in dLI and F: D
— dLI be a stable functor. Then [[(D, F) is a
distributive L-domain.

An example is given showing that in general
[1(D, F) is not countably algebraic. Property I is
only defined for countably algebraic domains.

5- Conclusion

The aim of the proposed project is to present a
domain model of (an extension of) the calculus
of constructions that avoids the difficulties ap-
pearing in earlier constructions of domain mod-
els for system F, a subsystem of the calculus.
Moreover, the construction will be more trans-
parent and comprehensible, the domains ef-
fectly given and the domain constructions com-
putable.

The first part of the research has now been fin-
ished: a general class of domains was singled
out encompassing the domain classes that will
be used in the interpretation of the two object
levels of the calculus, that is, propositions and
kinds. Central results needed in the construction
could be derived in great generality. They en-
sure that the corresponding domain categories
contain colimits of directed diagrams and pull-
backs. Moreover, a general construction of de-
pendent sums and products has been presented
which easily specializes to the domain subcate-
gories to be considered.

The second part of the research will study the
special types of domains mentioned above, in
particular their canonical representations. De-
pendent products and sums of representations
will have to be introduced corresponding to the
dependent products and sums, respectively, of
the represented domains. Moreover, the struc-
ture of the respective sets of representations
with respect to a substructure relation needs be
investigated.

On the basis of these results the interpretation of
CC can be defined and studied. In the last step,
eventually, the computability of the construc-
tion will be shown.

The author had the opportunity to present an
overview of the construction to members of the
hosting group at the University of Orléans in the
Seminar: “Calculus of constructions: at the
foundations of Coq”, organized by Professor
Jérdme Durand-Lose, on the 15" of May, 2023.

6- Perspectives of future collaborations
with the host laboratory

To deepen the cooperation with LIFO, work is
undertaken on a research proposal to be submit-
ted to funding agencies in Germany and France
to obtain support for further visits.
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Spreen, D. (2023). How much partiality is
needed for a theory of computability? 52 pages.
arXiv:2305.06982, under review for publication
in Computability.
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